THE JONES POLYNOMIAL AND RELATED PROPERTIES OF 
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Abstract. Twisted links are obtained from a base link by starting with a 
n-braid representation, choosing several (m) adjacent strands, and applying 
one or more twists to the set. Various restrictions may be applied, e.g. the 
twists may be required to be positive or full twists, or the base braid may be 
required to have a certain form. 

The Jones polynomial of full m-twisted links have some interesting proper- 
ties. It is known that when sufficiently many full m-twists are added that the 
coefficients break up into disjoint blocks which are independent of the number 
of full twists. These blocks are separated by constants which alternate in sign. 
Other features are known. This paper presents the value of these constants 
when two strands of a three-braid are twisted. It also discloses when this pat- 
tern emerges for cither two or three strand twisting of a three-braid, along 
with other properties. 

Lorenz links and the equivalent T-links are positively twisted links of a 
special form. This paper presents the Jones polynomial for such links which 
have braid index three. Some families of braid representations whose closures 
are identical links are given. 



1. Introduction 

The primary purpose of this paper is to display the Jones polynomial for various 
twisted three-braid links and to describe properties of the Jones polynomial for 
positive three-braids (Section [5]) . These include the family of Lorenz links of braid 
index three, £3 . In Section 2] we show exactly when two prototypical braid word 
representatives for £3 generate the same link in terms of the braid words themselves. 
A simple unique three-braid representation for links in £ 3 is given. This extends 
the knot classification result by R. Bedient, [T]. For these Lorenz links of braid 
index (two or) three, the Jones polynomial has the interesting property that two 
links are equal exactly when their Jones polynomials are equal. 

A second objective of this paper is to present some braid properties of twisted 
n-braids and show how these lead to certain symmetries. Any pair of n-braid words 
exhibiting one of these symmetries generates the same link. These are described in 
Section [3] along with their application to Lorenz links. 

Lorenz links were originally investigated in [S]. More recent work by J. Birman 
and I. Kofman, [4 , shows there is a one-to-one correspondance with T-links, which 
have a simple braid word description (Section II. ip . Section [4] describes each family 
of T-links of braid index three. Thm. l4~5l shows that the family of three-braid links, 
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crfcr%[l, 3p with x,y > 0, z > 3 and z = mod 3 coincides with £ 3 . The Jones 
polynomial for links in £ 3 is displayed in Cor. 12.101 

A. Champanerkar and I. Kofman have studied the effect on the Jones polynomial 
of twisting to strands in a 77-braid representation of a link, [7] . The coefficient vector 
for the Jones polynomial starts with the coefficient of the term with minimal degree. 
Theorem 3.1, [7], relates that when a set of m strands are given sufficiently many 
full twists, the coefficient vector for the Jones polynomial has \m/2\ + 1 blocks 
of fixed length; for a given link the blocks may have different lengths. The values 
of the coefficients in each such block is independent of the number of full twists, 
and depends only on the base link. When m is odd, these blocks are separated by 
zeros. When m is even, these blocks are either separated by zeros or by a pattern 
of alternating positive and negative numbers all with the same absolute value. 
Furthermore, the length of the inter-block sections increases at a rate proportional 
to the number of full twists. 

These results of A. Champanerkar and I. Kofman are given an explicit form for 
twisted three-braids and in particular for £3 (Section [2]). 

1.1. Background, Notation and Conventions. The braid group on 77 strands 
is designated B n and has n — 1 standard generators, a\. The notation ft = 7, for 
braid words, ft, 7, means that ft and 7 are conjugate. The exponent sum, or writhe, 
of a braid word, ft, is denoted w(f3). The link associated with the standard closure 
of a braid, ft, is denoted ft. The braid index of a link, L is denoted b(L) and the 
mirror image of L is denoted L. 

Braid reflection refers to the replacement of Oi by <J n -i in each instance of a 
77-braid word, ft, for all i, 1 < i < 77, yielding a new 77-braid word, ft* . A very useful 
result, [2], [3] is that a braid word and its reflection are conjugate, ft = ft*. 

The convenient notation [a, b] = a a ■ ■ ■ <7b-i for a < b and [a, b] = <J a -i ■ • ■ o"& for 
a > b is borrowed from [4]. We adopt the convention that [a, a] — 1. A typical 
representation for a T-link is T((ri, s{), . . . , (r^, S&)), with 2 < r% and < t\; + i 
and < Si for all i, [3]. As noted in [4], we may also assume s k > 2. In this paper, 
when rj < 7"i_|_i for all 7, the parameter fc is said to refer to the number of tiers. A 
braid representation for T((ri, Si), . . . , (r*, s^)) is [1, ri] Sl . . . [1, rfc] Sfc . 

The term duality is used to refer to Cor. 4 [3] (general case) or Ex. 3 |3] for the 
two-tier case, wherein two specific T-links are shown to represent the same link. 
These are T((n, si), ...,{r k , s k j) and T((rJ,sT), (ffe,Sfc)), with r" = Y,k+i-i s i> 
and Si — rk+i-i — rk-i with the convention ro = 0. In this context, torus links 
are just T-links with a single tier. The elementary torus links are those with two 
strands, i.e. r*i = 2, and are designated T s = T(2, s). 

The notation, [n] , for positive integers 77,777 refers to the remainder when 77 is 
divided by 777; hence 77 = m\n/m\ + [n] . Parity refers to [n] 2 - Some convenient 
abbreviations for this work are to use G = 1 + t + i 2 and e x — {—l) x - Based on 
some prior usage, [35], when / G Z[t], let [/]„ be the coefficient of t a , with [/] max 
the leading coefficient; [/] max = when / = 0. An AC (alternating coefficient) 
polynomial is non-zero and satisfies < for mindeg/ < j < degf. The 

Kronecker delta, Si.j, is one when i = j is true, and zero otherwise. 

The skein relation for the Homflypt polynomial is defined by (jl.l[) , where the 
diagrams, D + , Dq, and D_ below refer to the usual diagrams for the link with pos- 
itive crossing, null (smoothed) crossing, and negative crossing, respectively. The 
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standard name for the Homflypt polynomial of an oriented link, L, is Pl or Pl{v, z); 
for the Jones polynomial Vl or Vl(£) = PL(t, (t — l)/^/t); for the Alexander poly- 
nomial, or Ai(t) = Pi(l,(t — l)/i/t); for the Conway polynomial, or 
V L (z) = P L (l,z). 

P D+ (v 7 z)=vzP Do {v,z) + v 2 P D _{v 1 z). (1.1) 
We may interpret A w — A w (t) = (t w + e w -%)/(t + 1) as another version of the 
Alexander polynomial for T w , and when w is positive, A w — Y^j=o £jt w ~° ■ For 
negative w, we have A w = e w -it w A\ m \. Finally, A w (l/t) = e w -it 1 ^' w : A w (t). Many 
of the results involve manipulations of this simple AC polynomial. In particular we 
have for any integers w, z and x > y > 0: 



A w — t z A w _ z + e w _ z A z , (1-2) 
A w+z -i = A w A z + tA w - X A z -i (1.3) 

y-2 x-1 

A x A y = Y.^ + l ) tX+v ^ + (y) E ejt x+y - 2 ~ j 

3=0 j=y-i 

x+y-2 

+ J2 ^{x + y-i-^+y- 2 -^. (i.4) 

j=x 



The usual conventions that Y^j=a fj = [ " ) = ^ when a > b are followed. 



b 



a 



Also rij=o fj = ^ wnen a > b. For convenience, the following functions are defined: 

b b 

L(b) = J2^ + b-j)t b - j = e b J2^+j)t j , 

j=0 j=0 
b b 

R(b) = ^(j + ltf-^e^jil + b-j)*. 

3=0 3=0 

These may also be expressed as 

b b 

3=0 3=0 
b b 

R(b) = ^ejAb+x-j = ^e b -jA j+1 . 
j=o j=o 

These expressions imply L(b) = A b+ i + tL(b — 1) and R(b) = Ab+i — R{b — 1). 

Hence for x > y > we have the expression () 1 . 5[) for A x A y which partitions the 
coefficients and terms into three disjoint sets. The absolute value of the coefficients 
are monotonically increasing for the first y—1 terms, constant and maximal for the 
next x — y + 1 terms, and monotonically decreasing for the final y—1 terms. 

A x A y = e x L(y-2)-{y)e y t y - 1 A x _ y+1 +t x R(y-2). (1.5) 

The properties just described and reflected in (|1.5[) are hereditary, as described 
in the next proposition and its corollary. These results are central to the remainder 
of the paper. 
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Proposition 1.1. Suppose f,g are AC polynomials of degree d with coefficients, 
aj, bj for P . Suppose A = / + Xt d+1 A r + t d+r+1 g is an AC polynomial with r > 0, 
and \aj\ < |<Zj+i| < |A|, and |A| > \bj\ > \bj+i\ for all j. 

It follows that A A y is an AC polynomial with the same properties as A when 
1 < y < T. In particular, AA y = f y + X y t d+y A r _ y+1 + t d+r+1 g y . Here f y ,g y are 
AC polynomials of degree d + y — 1 and X y = —e y (y)X. 

The absolute values of the coefficients for f y ,g y are respectively monotonically 
increasing, decreasing; and less than \X y \. Furthermore, the coefficients for f y are 
dependent on the parity of r, but not on the actual value for r; and the coefficients 
for g y are independent ofr. 

Proof. By Eq. O we have f y = f A y + Xt d+1 e r L(y - 2) and g y = XR(y - 2) + gA y . 
These functions have the properties claimed. □ 

Corollary 1.2. Given a set of m + 1 positive integers, {xj}™, with m > 1 and 
xq + m — 1 > s = Y^JLi x j> the coefficients o/JIj=o are partitioned as in il.6}) : 

m m 

Y[A Xj = f + Xt s - m A Xo+m _ s +t Xo g, withX = e m+s Y[xj. (1.6) 

3=0 3 = 1 

When Xj — 1 for all j > 1, we must interpret f,g as zero. Otherwise, f,g are AC 
polynomials of degree s — m — 1 for which the absolute values of the coefficients are 
monotonically increasing/decreasing, and less than \X\. 

Furthermore, the coefficients for f are dependent on the parity of Xq, but not on 
the actual value for xq; and the coefficients for g are independent of Xq. 



2. The Jones and Alexander polynomials for some 3-braid links 

This section briefly introduces some familiar links and their classical skein poly- 
nomials and then describes a decomposition result, Prop. 12.31 for the Jones poly- 
nomial of three braid links that is key to the analysis. The structure of the Jones 
polynomial for twisted 3-braids is then presented in Sections 12.11 and 12.21 These 
sections describe the effect of twisting two strands and three strands, respectively, 
on the Jones polynomial. 

The Jones polynomial for the elementary torus link, T(2, w) is 

V T (2, W ) = ~t^ w ^/ 2 {t w+1 +e w G)/{l + t), for any w, (2.1) 
= _<(»- ^/ 2 (e w +t 2 A w _ 1 ). (2.2) 
The Alexander polynomial for the elementary torus link, T(2,w) is 

At(2,») = (t w + e w - 1 )/t( w - 1 V 2 (t + l), for any u., (2.3) 
= t^ w ^/ 2 A w . (2.4) 

The Jones polynomial for any three-braid knot was first given by Prop. 11.10, 
[15] . The expression for any three-braid link is given by Eq 2.6, [10] and is: 

V$(t) = 2)/ 2 {r+! + e w G - Gt w ^ 2 A0)}, with w = w((3). (2.5) 

As the Jones polynomial for three-braid links is determined by the writhe and 
the Alexander polynomial, which is sometimes easier to calculate, a few examples 
are provided. If we combine (|2.5|) , with the Alexander polynomial formulas for the 
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three braid torus links, Section 2.1 [10], we obtain the following expressions for the 
Jones polynomials of torus links on three strands, T(3, *): 

V.-rT^it) = t^il + t 2 +2t 3a+1 }, (2.6) 

V {1 ^(t) = t 3a+b - 1 {l + t 2 -t 3a+b+1 }, for 6 = 1,2. (2.7) 

Eq. 3.13, [TO], gives a relation (12.81) for the Homflypt polynomial for n-braid links 
which provides expressions for the Alexander and Jones polynomials: 

P m = ^Vt.P^+^Vt^, (2.8) 
A R = A^A^+A^A^, (2.9) 

V R = &-^l 2 A e V^+t^l 2 A e ^V ? . (2.10) 

The following result provides a useful way of grouping the terms of the Jones 
polynomial for a special class of three-braids and may be derived from Eq. 12.101 
Prop. 12.11 implies Cor. 12.81 and leads to a description of the block structure of the 
Jones polynomial for positive three-braids with a highly twisted pair of strands at 
one site (Prop. [2T9]) . 

Proposition 2.1. Given a three-braid word, (3 = a\a\u\a d , an d w = w {0)i 

= i (M, - 2)/2 V|, with (2.11) 

V£ = Bi-jj + t a+2 B 2 -fj + Qp, 

Bitf = e w (l + t 2 ) + e a+c t b+d+1 +e a t c+2 A b A d + 2e a+c ^t 2 A b A d , 

B2-p = tb+dt ^ 1 + e d A b A c + e c A b A d + e b A c A d , 

Qfi = e c+d t 2 A a A b + e b+c t 2 A a A d + t 3 A a A b A c A d . 

Note that i?i ;j g is dependent on the parity of a, but not on the actual value of 
a, and i?2;/3 is independent of a. Henceforth the implicit definition for V~ when 

(3 € B3 is (|2.1ip . V~ specifies the coefficient vector for positive three-braids. 

Three-braid links have the very special property that the skein polynomials under 
full twists are determined by the number of full twists and the skein polynomial for 
the closure of the base braid word. This decomposition is described by Prop. 3.5, 
|10) for the Homflypt polynomial for three-braid links, and is included here for 
reference. 

Proposition 2.2. When 7 € B$ and a > we have: 

P fcsfr = ^7+^ (T)+5 -« 6 P^ ) + 1 , 



3=1 3=1 



When Prop. I2~2"l is applied to the Jones polynomial, we obtain 
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Proposition 2.3. When 7 G B 3 , set j3 = [l,3] 3a 7- For any a, we have: 

F [aF7 = t^-^^{e w{l) {l + e) + t^B 2 {t^)}, Wl th (2.12) 
B 3 (t,7) = t (2 ^ (7))/2 ^ + e K7)+1 (l + i 2 ). (2.13) 

Note that when 7 is (conjugate to) a positive three-braid word the minimum 
degree of V~ is (wf/y) - 2)/2, so that the expression £(2-™(7))/2^ in (|2~T3|) is an 
ordinary polynomial with nonzero constant, i.e. V~. If we focus on the effect of 
full twists of all three strands, the two blocks in the coefficient vector are already 
separated when 7 is (conjugate to) a positive braid word and a > 0. As a is 
increased, the two blocks separate by three for each new full twist that is added. 

By [H], [23], when 7 is (conjugate to) a positive three-braid word and 7 is not 
split, the first three values in the coefficient vector are £ w (-y),0,e w t-y)p{j), where 
p{pf) is the number of prime factors of 7. Under these conditions when 7 is also 
prime, B 2 (t,^) is divisible by t 3 ; otherwise B 2 (t, , y) is divisible by t 2 . 

Example 2.1. By [5J, two simple knots are 819 = afa 2 a 3 a2 and IO124 = o-\a 2 u\ a 2 . 
As 819 = [l,3] 3 020-i and IO124 = [1, 3} 3 afa 2 , Prop. [2T31 gives us 

V 8l9 =t 3 {(l + t 2 ) +t 3 B 2 (i,cr 2 ai)},with B 2 (t,a 2 o- 1 ) = 1 - (1 + 1 2 ) = -t 2 . 
Vw 12i = t 4 {(1 + t 2 )+t 3 B 2 (t,afa 2 )}, with B 2 (t, afa 2 ) = t^V^ - (l + t 2 ) = -t 3 . 

As any three-braid word, 7, has a (non-unique) representation as [1, S\ 3b f], where 
r\ is itself a positive three-braid word, the prior comments extend to all three-braid 
words. When b is chosen to be maximal, the decomposition in (|2.141 I2.15|) shows 
that even when b < 0, the two blocks are separated when a > \b \ . Note that 
w("f) = w(r]) mod 2. Even for submaximal 6, we have 

y [0F7 = t^- 2 ^ 2 {e wM (l + t 2 )+t 3a+3b B 2 (t, V )} 7 with (2.14) 

B 2 (t, V ) = t(M-i))/V ? + M , )+1 (l + t 3 )6Z[t]. (2.15) 

Example 2.2. One of the hyperbolic knots from [5] and [5] is k7so = 10i6i 
with representation a 3 a\a^ a\a\a 2 . The mirror image has a braid expression 
as [1, ?>]~ 9 a\<7 2 , so 

Vj^ = t- 5 {(l + t 2 )+t- 9 5 2 (t,<T?a 2 )}, with (2.16) 
B 2 {t,o\o 2 ) = t- i V To -{l+t 2 ) = ~t 3 A 7 . (2.17) 

Here we observe the overlap of the terms 1 + t 2 and t~ 9 B 2 (t, a\a 2 ) in (|2.16|) . 
Since V 10l61 (t) = Vj^il/t) we find F 10l61 = t 3 (l - t 3 A 6 ). 

Again focusing on the effect of increasing a, for any three-braid word there are 
only finitely many values of a for which the two blocks overlap, and this hap- 
pens exactly when 3a + mindeg B 2 (t, 7) < 2 and 3a + max deg #2(^,7) > 0, i.e. 
— maxdeg B 2 (t, 7) < 3a < 2 — min cleg B 2 (t, 7). Ea. 12.121 displays one block in the 
coefficient vector as the triplet e w r y \, 0, e w ^y Eq. 12.151 displays the second block as 
B 2 (t,rj) — t~ 3b B 2 (t,"f) € Z[t], with the possibility that several of the lowest order 
terms may be zero. 
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The significance of the prior expressions relative to the effect of twisting two 
strands is that they show it suffices to look at the effect of such twisting applied to 
a positive braid word. Indeed, given a base braid word 7 = HT_i i a\ h and a twist 
site within 7, we may use conjugacy and/or braid reflection to ensure that the site 
is the first generator in the expression for 7. Now write erf 1 111=2 fT i ,<T 2 I as vWi 3] 3b 
as above, and allow xi to increase by increments of two, where we may assume that 
x\ > 0. By Prop. l2"3I once x\ is sufficiently large, the second block, t^B^it^^rf), 
has minimal degree above two, so that the two blocks in the coefficient vector are 
clearly recognizable when any further full twists of the two strands are added. 

Definition 2.3. If /3 = V£ 3 =\ a T^ a T with r > 1 and a11 e fc ^ °> cal1 a 
syllable. A syllable is trivial when the exponent is one. A trivial syllable is isolated 
if both adjacent syllables, viewed cyclically, are non-trivial. Denote the rank of f3 
as p(/3) = r and assign a rank of zero for the identity of -B3, and a rank of one for 
of for a ^ 0. 

Proposition 2.4. Given a positive three-braid word, f3 = IIj=i a °v a % > with r > 1, 
and exponents aj,bj > 0, and w — w(/3), we have 

V~(£) = i^- 2) / 2 V~(t), with VUt) G Z[t] and degV~(f) < w and 

V£(t) = e w {l + t 2 ) + t 2 Vf(t), with Vf{t) G Z[t}. 

Furthermore, e w t w V^*{l/t) = t 2 V^*(t), or equivalently [V2*]j = e w [Vg*] w -j-2. 

When r — 1, we have V~* is an AC polynomial, or zero, with the following 
properties: 

(i) VZ*{t) = exactly when {a x ,bi} = {1,2}, 

(ii) degV~*(t) — w — 3 exactly when min(ai,6i) = 1 and max(ai,6i) > 3; in 
which case V~*(t) = — tA w s, 

(iii) deg V~*(t) — w — 2 exactly when a\ = b\ = 1, or a\, b\ > 2; here V~*{t) = 
-1 or V~*(t) = e w + e bl tA ai ^ 2 + e ai tA bl -2 + t 2 A ai _xA bl -i respectively, 

(iv) the sign of [V~*]j is €j+ w when w > 4. 

When r > 2, we have degV~*(t) < w — 3. 

Proof. When r = 1, write f3 = a\u\. We may assume a > b. When 6 = 1, the 
result is clear, as Vg(t) = -i (a_1)/2 (e a + < 2 A Q _!), which is t ( - w ~ 2 1/ 2 (e w - t 2 A w _ 2 ). 
If a = 1, take V~*(i) = -1. If a > 2, let V2*(t) = -tA w _ 3 . The properties claimed 
are easily verified. 

By |221), we ma Y take v fi*(.t) = £w + e b tA a ^ 2 + £ a tA b - 2 + t 2 [ A a - X A b ^i when 
a, b > 2. This is a sum of AC polynomials each with the sign of t 3 as claimed. The 
other properties claimed for r = 1 are easily verified. 

For r > 2, apply (|2.10p to obtain the following relations for Vii— (t) which 

. 7Cr l CT 2. 

utilize terms that depend on braids of lower rank and so allows an induction proof. 
Here j3 — ■fafal with 7 = alna^ and rj may be the identity. 

= W*:^ ^t^-i^, (2.18) 
, = A f y**-~- — ^ . (2.19) 
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To verify e w t w V£*(l/t) = t 2 V^*{t) is straightforward using ([2ri8]) . dHHJ), as is 
the degree bound deg V~*(t) < w - 3. 

□ 

V~* appears to be an AC polynomial for positive three-braids of rank two or 

more; the sign of the coefficients is a simple function of w((3), j and r (Coni. f2~6|) . 
This may be verified directly for p((3) = 2, 3, but these cases do not readily suggest 
a general pattern or proof. The following proposition identifies two cases when 
a positive three-braid of rank two or more is conjugate to a braid of the form 
[l,3] 3a 7, with a > and 7 a non-negative three-braid of lower rank. Assuming 
Conjecture 12.61 is true, Prop. l2~3l shows these are the only such cases. 

Proposition 2.5. Assume (3 is a three-braid word, Y[j=i a 2 w ^ r > 2 and all 

aj,bj > 1. In either case below, we have j3 = [l,3] 3a 7 with a > and ^(7) < r. 

(i) (3 has two or more trivial syllables, or 

(ii) f3 has a trivial syllable whose minimum adjacent syllable length is two; here 
a® 1 and a\ r are considered to be adjacent syllables. 

In case\^ or when two isolated trivial syllables exist, we have a > 1. 

We may choose 7 = Ylj=i f7 i J(T 2 J wiih s < r and Cj, dj > 2 for all j > 2. 

For s > 2, we have C\,di > 1 and we may choose 7 to either have no trivial 
syllables, or one trivial syllable whose two adjacent syllables each have a minimum 
length of three. 

For s = 1, we have c\,d\ > 0, and for s — 0, we have 7=1. 

Proof. If two trivial syllables of (3 are adjacent (in a cyclical sense), we may assume 
they correspond to a r = b r = 1. When r = 2, let Ci = a\ + b± + 1 and d\ — 1 with 
s = 1 and a = 0. When r > 3 let c\ = a\ + 6 r _i, c r _i = a r _ 1 + 1, d\ = b\ and 
d r —\ = 1 with Cj = aj and dj — bj for 2 < j < r — 2 with s = r — 1 and a = 0. As 
7 has smaller rank, induction applies. 

Suppose there is a pattern o-20 1 3+1 in (3 or its braid reflection, and that 
minfaj.aj+i) = 2. With r = 2 and (3 = a\ 1 a 2 a\o- h ^ we have /3 = [1, S] 3 ^ 1-2 ^ 2 " 1 - 
A similar result applies when r > 3. As 7 has smaller rank, induction applies. 

The only remaining case is when two or more trivial syllables exist and each 
neighboring syllable has length at least three. If there is a subword such as 
o'l 1 o^o^ 1 a?,!] and 77 is either vacuous or begins with 01, this is just cr° 1_1 a^ 2 ' o-\Oio-ir\ 
which has already been handled. This leads to an easy induction using the distance 
between two trivial syllables. We may assume r > 3 as the r = 2 case was just ad- 
dressed. Assume there is a subword such as a" 1 o-^o-^rjal^, where k may be either 
1 or 2, and i] begins with ovj 2 > does not end in o^, and all twist exponents in r\ are 
at least two. This subword is just a" 1 " 1 ' o~\o~2'n <T k£- The case 62 = 1 has already 
been handled, otherwise we have created a braid word with the same properties 
but with reduced distance between the trivial syllables. □ 

Definition 2.4. When a positive three braid of rank two or more either has no 
trivial syllables, or a single trivial syllable whose two adjacent syllables each have 
a minimum length of three, the three-braid is called condensed. 

Conjecture 2.6. Given a condensed three-braid word, (3, with w — w{j3), we have 
VUt) = e w {l + t 2 )+ t 2 VT*{t) and 
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(i) the sign of \V~*]j is e r +\+j+w, so V~* is an AC polynomial, 

(ii) when ft has no trivial syllables, deg VZ*(t) = w — r — 1, and [V~*] max = 1, 

(iii) when ft has one trivial syllable, deg Vj~*(t) — w — r — 2, and [V~*] max = — 1, 

( iv ) i v f]j + exactly when j G [w - 2 - deg Vj?*{t), degV£*(t)]. 

Example 2.5. If Conj. 12.61 is true, Prop. [231 implies that degV~* is lower than 
the values given by Conj. 12.61 when ft, of rank at least two, has only isolated triv- 
ial syllables but is not condensed. The condensed braid, <j\<j\o-\o-\ has V*q — 
V** =t-2t 2 + 2t 3 -3t 4 + 2t 5 -2t 6 +t 7 and satisfies Conj. EH 

Vi2n 2l2 = i = e i^3 has degree 6, ft <* [1, 3] 3 <7?a 2 , 

a 1 <7 2 <7-± &2 

VS^ n = x = ext 2 A 3 A 5 has degree 8, 

°1 CT 2 °"l a 2 

V£ n5Ti = V* Vtt i = e i* 2 [1 - * + 2 * 2 " 3 * 3 + 2 * 4 - * 5 + * 6 ] has de g ree 8 > 

G 1 ^2 °" 1 Cr 2 

^itoTM = ^*.V> i = * 3 [1 - 2t + t 2 - 2t 3 + t 4 } has degree 7, ft S [1, 3] 3 of of. 

°"l CT 2 a 'l fT 2 

In the following sections it is desirable to group the terms of the Jones polynomial 
for three-braid links into three components, i.e. the first block, the inter-block gap, 
and the second block. Toward this end the following proposition is helpful in many 
calculations. Typically g\ and b 2 are chosen as the minimum degrees for the first 
term of the inter-block gap and the second block, respectively. 

Proposition 2.7. Suppose that k > and s, g%, b 2 > are given with k < g\ < b 2 . 
We have the following disjoint partition oft k A s , with A Zi £ 7L\t\: 

t k A s = \!t k A zl + X 2 t 9l A Z2 +t b2 A Z3 , with 

z\ = gi — k when g\ < k + s, and Ai = e gi+ k+s, 

= s when k + s < gi, and Ai = 1, 

z 2 = b 2 - gi when b 2 < k + s, and X 2 = e b2+k+s , 

= k + s — g% when g\ < k + s < b 2 , and A2 = 1, 

= when k + s < g%, and A 2 = 1, 

Z3 = k + s — 6 2 when k + s > b 2 , 

= when k + s < b 2 . 

The next section describes the properties of each of the components of the coef- 
ficient vector for the closure of a positive braid word: the length of the first block, 
the length of the inter-block gap and its coefficients, and the maximal length of 
the second block. The number of twists required to ensure that the two blocks are 
disjoint is also provided. 

2.1. Twisting two strands of a three-braid link. If we apply Prop. 12.11 to 
positive three-braid words with a dominant twist exponent we obtain an expression, 
Cor. 12.81 for the Jones polynomial that displays its block characteristics. The main 
steps in the proof use Eq. 11.61 applied to the term A a AbA c Ad in Qp. Prop. [2~7l and 
(I1.5P are the other helpful tools needed. 

Corollary 2.8. Given a positive three-braid word, ft = o\o\o-\o2, set w — w(ft) 
and w* — w — a, with a > w* . We have the following partitioning of coefficients: 
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V| = B 1 (P)+t w * +1 G(P)+t a+2 B 2 {P), with 
BiGS) = e w (l + t 2 ) + e a+c t b+d+1 +e a t c+2 A b A d + 2e a+c _ 1 



it 2 A b A d 



(2.20) 



+e a+c+d t 2 L(b - 2) + (6)e a i b+ M c+ti 
+e Q+fc+c t 2 L(d - 2) + (d)e a t d+1 A b+c 
+t 3 //3 + £a + ifocdr*, 



(2.21) 
(2.22) 



G{0) = e w .(bcd- b- d)A a+1 _ w ,, 
B 2 (P) = e b+d t c - 1 + e d A b A c + e c A b A d + e b A c A d 

+e c+d R(b - 2) + e b+c R(d - 2) + e 1+w , bcd + tgp. 



(2.23) 



Here fp , gp are the /, g in Cor. \1.2\ for the product A a A b A c A d . We have deg fp = 
deg gp = w* — 4. ^4s in Cor. \ 1.21 we must interpret fp — gp — when b = c = d = 1; 
in this case f3 = T a+2 . 

The maximum degree for B\{j3) is w* , while that for B 2 {j3) is w* — 3, i.e. 
degV* < w — 1. The latter upper bound is only achieved when min(6,<i) = c = 1 
(/? = T w -\), or when min(6, c, d) > 2. 

It is apparent from these expressions that deg B\ (/3) < b + c + d, whereas 
degt b+c+d+1 G(/3) < a + 1, so the coefficients are partitioned. As foreshadowed 
by Prop. 12.11 Bi((3) is dependent on the parity of a, but not on the actual value 
of a, and B 2 (/3) is independent of a. The coefficients of the inter-block gap, G(f3), 
are independent of a, and the width depends linearly on a. Note that G(/3) = 
exactly when (b,c,d) is (1,2,1) or (2,1,2); in these cases f3 — er"~ 2 [l,3] 3 and 
/3 = cr^^l^] 3 , respectively. 

The coefficient of t b+c+d in (|2~20| is 5 c .ie a+c + e a (l + b + d - b cd), which differs 
from the plateau of the inter-block gap, except when c = 1. Similarly, the coefficient 
of t a+2 is 8 c ,ie b + d + e b+c+d (l + b+d — bed), which also differs from the plateau of the 
inter-block gap, except when c = 1. This shows that the length of the inter-block 
gap in (|2.20p is exactly 1 + a — 6 — c — d when c > 2. In other words G((3) completely 
describes the inter-block gap when c > 2. 

By direct calculation, and under suitable restrictions, one finds that when j3 = 
a \ CT 2 CT i cr 2 cr i cr 2 ' an( i w * = w iP) ~ a ; we have a similar pattern as in Cor. 12.81 



with G(P) = e w *{~{b +d + f) + (bef + bef + def + bed) - bcdef}t 1+w * A a+1 _ w , . 
This suggests that it would be helpful to introduce some terminology to describe 
the terms in G(/3) in a way that applies to the general case. 

Definition 2.6. Given a three-braid word, /3 = 111=1 (T i 2, ~ 1(T 2 2 N a j-fold product 
of twist exponents formed by starting with a twist exponent of o~ 2 and alternately 
choosing a twist exponent of 0\ and then o~ 2 , all with ascending subscripts is called 
a j-form of j3, i.e. Y\\=\ > with h t < ki + \ and h t = i + 1 mod 2 for all i. A j'-form 
may also be viewed as an element of Z[ei, . . . , e 2r \. The sum of all j-forms of (3 is 
denoted mj(/3), viewed as a polynomial, and mj(/3, 0) when evaluated to an integer. 

The alternating sum, J2k=i £ fc TO 2fc-i(/3), is denoted M((3), viewed as a polyno- 
mial, and M(/3, 0) when evaluated to an integer. 



V2 = Bi{p)+t 



.w' + l 



G(P)+t a+2 B 2 (f3), 
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r + (j — l)/2 

The number of j-forms of /3 with j odd is ( . I. This is trivially true 



3 

for j = 1. For j > 3, any j-form either ends in e2fc-ie2,- with k < r, or ends in ej,, 
with fc < 2r — 2 and even. By induction, in the first case for each k £ [(j + l)/2, r], 

^«^*H t ~Tvn^«-('- i T i,/2 ' 

gives the number of j-forms for the second case. These cases are disjoint so the 
total is J2k=(j+i)/2 c k + k j which has the value asserted. 

The only non-trivial permutation of the twist exponents that preserves M(J3) 

is the one that "reverses" f3 to (3, where we may define a sort of reversed braid 

word, P = al 1 a2 2r lTj=2 CT T r ~ 23 + 3(7 2 2r ~ 23+2 for r > 2. This is easily verified when 
r = 2. Otherwise any such permutation, tt, must preserve 1-forms, so viewing tt 
as a permutation of subscripts, tt permutes the even subscripts, permutes the odd 
subscripts, and fixes 1. We may calculate the number of 3- forms containing e 2 k as 

1 ' ' ' 1 This is maximal exactly when k = 1 or k = r, hence tt 



2 / V 2 

must map {2, 2r} to itself. We must have 7r(2fc— 1) between n(2j) and 7r(2fc+25) for 
any j < k and 5 = 0,..., r~k. When ir(2) = 2, we must have 7r(2fc— 1) < 7r(2fc + 25) 
for any 5 = 0, . . . , r — k, which easily leads to tt as the identity. When 7r(2) = 2r, 
we must have n(2k — 1) > n(2k + 28) for any S = 0, . . . ,r — k. which easily leads 

to tt(/3) = /3. 

The following proposition describes conditions under which the blocks in the 
coefficient vector are separated, along with some of their properties. 

Proposition 2.9. Given a positive three-braid word, j3 = YHj=i ^T' 1 ^i' > se ^ 
w = w(/3) and w* — w — e\. When r > 2 and e\ > w* , we have the following 
partitioning of coefficients: 



V~ = B 1 (l3)+t wt+1 G(l3) + t^ +2 B 2 (f3), with B 1 (f3),B 2 ([3) e Z[t],(2.24) 
G{(3) = e w *M({3,0)A ei+1 ^ w . eZ[t]. (2.25) 

Here degBi(/3) < w* , and B\{j3) depends on the parity of ' e±, but not on the actual 
value of e\. B 2 {P) is independent of e\ with degi?2(/3) < w* — 3. 

The coefficients of G(j3) are independent of e±, and the width of the inter-block 
gap depends linearly on e\. 

Note that as in the discussion following Cor. 12.81 it is possible that some of the 
high order coefficients of B\{0) and some of the low order coefficients of £?2(/3) 
could be incorporated into the inter-block gap for some special braid words /3. 

Proof. Cor. 12.81 establishes the result for r — 2 and we will use induction. For 
t > 3, apply (|2.10p to twist exponents e2r-3 and e2r-2 of /3. Use the braid re- 
lations to obtain four terms each associated with a three-braid word with 2r — 2 
twist exponents. The four braid words are /3i = er^ 1 . . . a 2 2r ~ i+e2r ~ 1 o-\o-2 2r+1 , and 
/3 2 = al 1 ...a e 2 2r - 4 al 2r - 1+1 a^, and f3 3 = a' 1 . . . a^-^a^a^ , and /3 4 = 
al 1 ...o% r - A a? r - L <T? r . We have 

+tA e2r _ 3 -i A e2r _ 2 Vj~~ + t 2 A e2r _ 3 _i A e2r _ 2 ^ 1 V-^~. 
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Now use the induction hypothesis, (|2.24|) . (|2.25|) . The one challenge is to verify 
the claim for the inter-gap constant, i.e. to show that we have M(J3) = lu where 

W = e 2r _ 3 e 2r _ 2 M09i) - e 2r _ 3 (e 2r _ 2 - 1)M(,5 2 ) 

-(ear-3 - l)e 2r _ 2 M(/3 3 ) + (e 2r _ 3 - l)(e 2r -2 - l)M(/3 4 ). 
The following identity may be used to complete this calculation. 
With rjk = Ilj=i 0\ 3 ~ X G2 an d 7 = Vr, we have 

r 

M(7) - -/2r " E M ^)h,-lhr + M(7 ?r _ 1 ). 
J=2 

□ 

Example 2.7. The 12n 0242 knot, a\a\a\al, has V 12no242 = 1 + t 2 - t 6 A 3 . 
This exhibits a case where degi?i(/3) < u>* and -B 2 (/3) = 0. 

The 12n 574 knot, a(o%ofa%, has Vj* 2no674 = l+* 2 -£ 4 +t 5 — 2t 6 +3£ 7 -2t 8 +t 9 — t 10 . 
Here = 1 + t 2 - t 4 + t 5 - 2t 6 has degBi(^) = w* and B 2 (P) = -2 + t - t 2 

has deg-B 2 (/3) < w* — 3. 

2.2. Twisting three braids of a three-braid link. The general results obtained 
by A. Champanerkar and I. Kofman, [7], lead to an explicit description of the blocks 
in the coefficient vector when full twists are added to a three-braid. 
An immediate consequence of Prop. [2~3l is the following: 

Corollary 2.10. For any three-braid of the form (3 = [1, 3] 3< Vf erf, we have: 

Vj = e x+y (l+t 2 )+t 3a (t x +v +2 + e x Gtv +1 + e v Gt x+1 +e x+y t 2 )/(l + t) 2 , 

(2.26) 

= £ a:+i/(l + O + t aa+2 { e x+y+l + £yA x -\ + E x A y -i + t 2 A x -iA y -i}. 

(2.27) 

When /3 = [1, 3] 3a+1 crfcr| ~ [1, 3] 3a a x+y+1 a 2 , we have: 

Vi = e^yil+t^-t^^+y^+e^/il + t), (2.28) 
= e x+y (l+t 2 )-t 3a+3 A x+y ^. (2.29) 
When $ = [l,3] 3a+2 afcr| S [1, i] 3a + 3 a^ 1 a^ 1 , we have: 
Vi = e x+y (l+t 2 )+t 3a+3 (t x+ y + e x -!Gtv + e y ^Gt x + e x+y t 2 ) / (1 + t) 2 . 

(2.30) 

2.2.1. The Jones polynomial for tr^cr|[l,3] z with x,y,z > 0. In anticipation of 

Thm. [4751 which shows that the family of three-braid links, erf a - ! [1; 3] z with x, y > 0, 
and z > 3 and z = mod 3 coincides with the Lorenz links of braid index three, we 
present the Jones polynomial for two-tier T-links and torus links as an immediate 
consequence of Cor. 12.101 
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Corollary 2.11. The Jones polynomial for the T-link T ((2, x), (3, 3a)), with a, x > 
is 

K^jjir. = t^ a+x - 2 ^ 2 {e x (l + t 2 )+t 3a+1 (e x +t x )}. 
When x = we have T(3, 3a) and V,-—^ = t 3a ~ l {l + t 2 + 2t 3a+1 }. 

[1,3] a 

TTie Jones polynomial for the T-link T((2, x), (3, 3a + 1)), with a, x > 
^3ji^ V = i^+^Ka+i 2 )-^ 3 ^}. 
Mien i = 0«ie /iaue T(3, 3a + 1) and V^-gp^ = i 3a {l + 1 2 - t 3a+2 }. 

TTie Jones polynomial for the T-link T((2, x), (3, 3a + 2)) , with a > 0, x > is 
= i (6Q+3;+2)/2 {^(l + t 2 )-^ +3 ^ +1 }. 

Mien x = we have T(3, 3a + 2) and V -^j^, = t 3a+1 {l + t 2 - t 3a+3 }. 

A detailed description of the coefficient vectors for the first form of Cor. 12. 101 
(12.271) . when x, y, a > appears in Section [2.2.21 

The following are a series of propositions that describe when two braid words 
of the form erf crf[l, 3] z , with x,y,z > 0, generate links that have the same Jones 
polynomial. This leads to the interesting result, Theorem 12.161 that the Jones 
polynomial is a complete invariant for this class of links. 

Proposition 2.12. Suppose Li = c^a^ [1, 3] Zi with zi = mod 3 and Xi,yi,Zi > 
0, /or i = 1,2. 

When Vl 1 — Vl 2 , we have z\ — Z2 and {xi,yi\ — {^2,2/2}- 
When z\ = z 2 and \x\^y\\ — {x2, y 2 }, we have L\ = L 2 - 

Proof. The first assertion is clear. The second follows from the observation that 
[1, 3] z = [3, l] z is in the center of B3 together with conjugacy by braid reflection. □ 

Eq. 12.281 the prior comments, and Prop 12.121 give us 

Proposition 2.13. Suppose Li — cr^er^ 1 [1, 3] Zi with Zi = 1 mod 3 and Xi,yi,Zi > 

0, for i = 1,2. Also assume L = o~f erf [1, 3] z with z = mod 3 and x,y, z > 0. 
When Vl 1 — Vl 2 , we have Z\ — z 2 and x\ + yi = x 2 + yi- 
When z\ — z 2 and x\ + y± = x 2 + yi , we have L\ = L 2 . 

When Vl 1 = Vl, we have {x, y} — {1, 1 + x\ + yi} and z + 1 = Z\. 
When {x, y} — {1, 1 + x\ + yi} and z + 1 = Z\, we have L\ = L. 
Hence, given L\, it has a representation as <r\ +Xl+Vl <r 2 [l. 3] Zl_1 . 

Eq. l2~30l and Props. [2~T2l l2~13l give us 

Proposition 2.14. Suppose Li — o~ Xi <j\ H [1, 3] Zi with Zi = 2 mod 3 and Xi,yi,Zi > 

0, for i — 1,2. Also assume L = afa 2 [l, 3] z with z = mod 3 and x,y,z > 0. 
When Vl 1 = Vl 2 and z\> z 2 , we either have 

(i) zi = z 2 and {xi,y{\ = {x 2 ,y 2 }, or 

(ii) 21 = z 2 + 3, min(a;i,?/i) = 0, min(a;2,y2) = 2, and 
max(x 2 , y 2 ) = 4 + max(xi, yi). 
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When either of these parameter conditions or are true, we have L\ = L 2 . 
When Vl x = Vl, we either have 

(i) z = Zi + 1, {x + 1, y + 1} = {xi,yi}, or 

(ii) z = z\ — 2, max(x, y) = 3 + max^i, y{), min(x, y) = 1, min(a:i, y\) = 0. 

When either of these parameter conditions f| or[n|) are true, we have L\ = L. 
Hence, given L\, it has a representation as either 

(i) L = al +msK(xi ' m) a 2 [l,3}^- 2 when min^, yi ) = 0, or 

(ii) L = a^ 1 ~ 1 af' 1 [l,3] zi + 1 , when x x ,y x > 1. 

Proof. It is straightforward to verify the conditions implied when Vl ± = Vl 2 - To 
prove L\ — L 2 when z\ — Z2 and {xi,yi\ = {x 2 ,y 2 } is also straightforward. 

To see that L\ = L 2 in case [n] take the case that L\ — of[l,3] z+3 , and 

L 2 = o 2 of+*[l,3]* with z = 2 mod 3. First, of[l,3] 2 + 3 = of + Vicr|[l,3] a+1 = 
0!of +3 [l,3] z+1 . This is just oi4 +4 CT 1 cr|ff 1 cr 2 [l,3] z - 2 Si a\a^ +i a 1 a 2 (T 1 a 2 [1, 3] 2 " 2 . 
It is easy to see that of[l,3] z + 3 Si of [1,3] 2+3 , and ofof+^l, 3] 2 = af +A a^[l, 3] z , 
hence all four combinations in case [n] represent the same link. 

When Vl 1 — Vl, and either z = z\ + 1 or z = z\ — 2, the remaining implications 
are trivial. To show that these are the only two valid values for z is straightforward. 

To see that L\ = L in case take the case that L = a'f o|[l, 3] Zl+1 , with 
z\ = 2 mod 3. First, of of [1, 3] Zl+1 = a\a\a 2 a\\V, 3] Zl , and this is conjugate to 
oio 2 o? 01 o 2 o«Oi o 2 [l,3] 2l ~ 2 = ofo 1 o 2 o 1 o 2 of +1 o 2 [l,3] 21 - 2 = of +1 of +1 [l, 3] Zl . It 
is easy to see that a\ a\[l, 3] Zl+1 = of of [1, 3] Zl +\ and that o? + Vf +1 [1, 3] 21 = 
°"i +1<7 2 + [1, 3] 21 , so all four combinations represent the same link. 

To see that L X =L in caseEH it is trivial to verify o^ +a o^ [1, 3] Zl ~ 2 = o?[l,3] Zl , 
oJo| + °[l,3] Zl - 2 Si o?[l,3] 21 , and of[l,3] 21 Si of[l,3] Zl . □ 

Combining Props. 12.131 and T2.14I and using similar techniques gives us 

Corollary 2.15. Suppose Li — of* of* [1, 3] Zi with zi = i mod 3 and Xi,yi,Zi > 0, 
fori = 1,2. 

When Vl 1 = Vl 2 , we either have 

(i) zi = z 2 + 2, {2, 2 + xi + yi} = {x 2 ,y 2 }, or 

(ii) z\ = z 2 — 1, X\ + yi = 2 + max(a; 2 , y 2 ), min(a; 2 , y 2 ) = 0. 

When either of these parameter conditions || or\vj}\) are true, we have L\ = L 2 . 

The prior results imply that the Jones polynomial is a complete invariant and 
identifies which are the torus links. 

Theorem 2.16. Suppose L t — ofvf' [1, 3] Zi and xi,yi,zi > 0, fori = 1,2. 
IfVhx = Vl 2 , we have L\ = L 2 . 

L\ has a representation as ofof [l,3] z with z = mod 3. 

When L\ is a torus link of braid index three, it has one of the following forms: 

(i) X\ = = y\ and z\ > 3, so L\ — T(3, Zi), 

(ii) x± = 1 = y± and z\ > 2, so L\ = T(3, z\ + 1), 

(hi) min(a;i, y\) — 1, max(xi, yi) = 3, z\ = mod 3, zi > 3, so L\ = T(3, z\ + 
2), 

(iv) min(xi, yi) = 2, max(xi, j/i) = A, z\ = 2 mod 3, so Li = T(3, zi + 3), 
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(v) xi = 2 = j/i, z\ = 2 mod 3, so ii = T(3, zi + 2), 

(vi) min(a;i, j/i) = 0, max(xi, y\) = 2, z\ = 1 mod 3, zi > 4, so Li = T(3, Z\ + 
I)- 

2.2.2. TTie coefficient vector for L — erf o~\ [1, 3] z wit/i z = mod 3. As in the prior 
section, we assume x, y, z are non-negative for this section. 

As Eq. l2.26l is symmetric in x, y, we may assume x > y with no loss in generality. 
As Cor. 12. Ill has already described the case y = 0, we may assume x,y > 1. 

When y = 1, the link is L = T((2, x - 1), (3, z + 1)) (see Section [4X5]) and 

VZ = e x+1 (l + t 2 )-t z+3 A x „ 2 . 

When y = 2, we have 

= e x (i + 1 2 ) + < z+2 (^_i + i 2 ^). 

For a; = 2 and y = 2, V£ is just 1 + t 2 + t z+2 (l + t 2 ). 
For x = 3 and y = 2, we have V£ = -(1 + t 2 ) + t z+2 (-l + t-t 2 + t 3 ). 
For x > 4 and y — 2, we have 

V2 = e,(l + < 2 ) + t z+2 {e x (l -t) + 2t 2 A x ^ - t x ~ l + t x }. 

This expression also applies when x = 2 or x = 3, but is less intuitive. 
For x,y > 3, Cor. [2T0l Eqs. O and Ogive us 

= e x+y (l +t 2 ) +t z+2 B 2l with (2.31) 
B 2 = e K L(2/-2)+e 2;+1 (2/-l)^- 1 + e y y^A I _ a _i 

+e a+1 (y-l)t a; - 1 +t a: i?(y-2). (2.32) 

Note that when x = y, the expression for B 2 becomes 

B 2 = e x L(x - 2) + e x+ i(x - 2)t x - 1 + t x R(x - 2). 

Hence a graph of the absolute values of the coefficients in the second block for x = y 
looks like an inverted W. 



3. Braid properties related to twisted n-braid links, T-links and 

their symmetries 

In this section, Prop. [3~T1 describes some relations that are useful in working with 
twisted n-braid links and T-links. In particular, Prop. [37X1 leads to some symmetry 
results, Cors. 13.21 and 13.31 that describe some cases when two such n-braids close 
to form the same link. 

Note that Eq. 13.51 below also follows from Ex. 2 [4] and duality. 

Proposition 3.1. Assume n > 2, and 1 < d < n. We have the following: 

= [d,l][l,ri][l,n- l] d-1 mid [n, l] d = [n - 1, l] d_1 [n, 1][1, d]. (3.1) 

Assume 1 < p < m and 2 < m + x, with x > 0. With [l,m + x] € B m+X and 
7, [p, l] x [l,m] p £ B m , we have 

7[1, m + x] p — j[p, 1] [1, m] p and j[m + x, Vf — j[m, l] p [l, p] x . (3.2) 
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Equation \3.2\ may be applied to T-links as: 

T((m, y), (n, p)) = [p, 1]" m [l, m] v , /or 2 < p < m < n and 1 < y, (3.3) 
r((2,y),(n,p)) = T((2,y),(p,n)) for2<p,n andl<y, (3.4) 
T((m, y)(n, m)) = T(m, n + y), /or 2 < m < rt = mod m. (3-5) 

Proof. Eq. 13.11 is readily proven by induction on d. Eq. 13.21 follows from (|3.ip and 
the use of Markov destabilization to reduce the number of strands. 

To establish (|3.4I) . note that by duality we have T((2, y), (n, p)) = T{{p,n — 
2), (y + P, 2)). When p,n > 2, Eq. 13.31 applied to the latter form tells us these are 
just [2, If [l,p] n = T((2,y), (p,n)). When p = 2 < ra, we have T(2,n + y) and the 
result holds. As the assertion is symmetric in p, n, the result holds. □ 

Eq. 13.21 leads to a symmetry result that applies to twisted n-braids. For T-links 
the result is somewhat analogous to Cor. 3, [4]. The cited corollary states that 
r((ri,si),...,(rfe_i,Sfc_i),(r k ,Sk)) = T((n, si), . . . , (r k -i, s k -i), (s k , r k )) when 
Sj|rj for i — 1, . . . , fc — 1 and r/c_i < Sfc. The following corollary gives the same 
symmetry when the restrictions are removed from the low index parameters and 
are transferred to the final pair of parameters. 

Corollary 3.2. When 7 € B a , with a < s <r and s\r, we have 7[l,r] s = s] r . 
It follows that when r k -\ < s k < r k and s k \r k , we have 

T((n, si), . . . , (r k -i, Sfc-i), (r fe , s fe )) = T((r 1 ,s 1 ), (r k - 1 ,s k -i), (s k ,r k )). 



A further set of symmetry results implied by Prop. [3~T1 is the following 

Corollary 3.3. When 7 € B a , with a < m < n\,n 2 and n\ + y\ = n 2 + yi and 

[ni]m = [^2]m, we have 'y[l,m] Vl [l,ni] m = 7[1, m] V2 [1, 712]™. Applied to T-links, 
Li = T((r 1 ,s 1 ),...,(r k -2,Sk-2),(m,yi),(ni,m)) fori = 1,2 and r k ^ 2 < m, we 
/iawe ii = L 2 . In particular, for two-tier T-links, we have 

T{{m,yx), (ni,m)) = T((m,y 2 ), (n 2 ,m)). (3.6) 

When n\ + yi = n 2 + yi and instead [n{\ m = [y2]m> we also have 

T (( m ; yi)( n i> m )) = T((m,y 2 )(n 2 ,m)). (3.7) 

In particular, when m < y we have T((m,y)(n,m)) = T((m, n)(y, m)). By 
Cor. 3, [4], i/izs is aZso irue w/ien m = y. 

Proof. By (|3.2p , we have 7[1, m] w [l, n,] m = 7[1, m] J/i [TO, l] n *~ TO [l, m] m , and this is 
7[1, mJM" 1 [to, l][" l l m [l ; m ^y^-\-V^+n,-[n t \ m ^ wn j cn j g ^ nus ^ ne same li n k for i = 1,2. 
Eq. 13.71 First apply duality to T((m,y 2 )(n 2 ,m)) and then use Eq. 13.61 □ 

Braid reflection implies [to, 1]™"* [1, m]' 3 '-'™ is conjugate to [to, l]^ m [1, m]'"' m . 

Eq. l3.6l tells us that for a fixed choice of S and 5 £ [0, m — 1] the family of T-links 
given by {T((m, S" — Ato — <S), (Am + 5, m)) : A e [1, [(5 — S — 1)/toJ]} represent a 
single link. 

Furthermore T((m, 5* — Am — (5), (Ato + 5, to)) = T((m, Am + (5), (5 — Am — 5, to)) 
for A < [(£ — S — m)/m\ by Eq. 13. 7\ or by the prior observation plus duality. These 
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two families have disjoint parameter values except when S — Am — 5 = A'm + 6, i.e. 
S - 28 = m(A + A') for suitable choices of A, A' € [1, [{S - 8 - m)/m\}. 

Example 3.1. To illustrate the first observation, suppose S — 37, m — 7, 5 = 
3. The set {T((7, 27), (10, 7)); T((7, 20), (17, 7)); T((7, 13), (24, 7)); T((7, 6), (31, 7))} 
represents a single T-link. 

The second observation shows that T((7, 27), (10, 7)) = T((7, 10), (27, 7)) and 
T((7, 20), (17, 7)) = T((7, 17), (20, 7)) and T((7, 13), (24, 7)) = T((7, 24), (13, 7)). 

These two families are disjoint, since 31 = 7(A + A') has no integral solution. 

Cor. 8, [1] , gives a formula for the braid index of a T-link in terms of the form, L = 
T((rx,sx), (rk,s k )) and its dual form T((ri~, si), . . . , (r£,s£)). With i = min{i : 
n > rj^i}, and j = min{j : rj > rk-j}, Cor. 8, [4] gives b(L) = min(r 4o ,r~"). The 
following is a simple but useful observation: 

Proposition 3.4. Suppose L = T((rx,sx), ■ • ■ , ( r fe) s &)) • 
When Ti = rk-i , we have jo = k — io and b(L) = ri . 
When r io > rj~~, we have j = 1 + k - i and b(L) = min(r io , r 1+k _ io ). 
Furthermore, > i + 1 and rl > i + 1 . 

Corollary 3.5. Suppose L = T((rx,sx), • • • , (r fc , s fe )). PFe /iaue fc < 26(L) - 2. 

When k = 2b(L) — 2 we have iq = b(L) — 1 = jo and fvn_i = &(£) = rf>(ZwLV 
indeed ri = i + 1 = 77 /or i < 6(L) — 1. 

Proof. We must have i < K L ) - 1 or j < b(L) - 1 by Cor. 8, [J and Prop. Gil 

First consider the case jo > b(L), so that io < b(L) — 1. As = ri > rfc_i > 
fc - io + 1, we have fc < 26(L) - 2. Now fc = 2b(L) - 2 implies i = b(L) - 1 
and b(L) = rk-i a , so jo = k — io by Prop. 13.41 Thus jo = b(L) — 1 contrary to 
assumption. A similar argument applies when iq > b(L), so we are left with the 
cases that io, jo < b(L) — 1. 

When ri > rfe_i , we have jo = 1 + fc — io, i-e. fc = «o + jo — 1 < 2o(£) — 3. 
When ri = rk-i , we have jo = fc — «oi so that fc < 2b(L) — 2, with equality exactly 
when io = jo = b(L) — 1. □ 

Cor. 13.51 shows that T-links with braid index two must have two or fewer tiers; 
those with braid index three must have four or fewer tiers. For a fixed choice of 
braid index, 6, the T-link with the maximum number of tiers, 2b — 2, has the form 
T((2, sx), (3, s 2 ), . . . , (6, s b _i), (r b , 1), . . . , (r 2 b-3, 1), (r 2 6_2, 2)). 

4. The Jones polynomial and other properties of T-links 

4.1. The Jones polynomial for two tier T-links with b(L) < 3. By Cor. 8 
[3], in order for the braid index to be two, a two tier T-link must have the form 
T((2, y), (n, 2)). Eq. tells us that these are just T(2, n + y). 

In order for the braid index to be three, a two tier T-link must have one of the 
following forms, T((m, y), (n, p)): 

(i) T((2,y), (3,p)), with 3 < p, (see Section gXS]), 

(ii) T((2,y),(n,3)), (see Section gXIJ, 

(iii) T((3,y),(n,3)), (see Section gX3|, 

(iv) T((3,y),(n,2)), (see Section 0X2]), 

(v) T((m, 1), (n, 2)), with 3 < m, (see Section |4~L4)) . 
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4.1.1. The Jones polynomial for two tier T-links with m = 2, p = 3. Eq. 13.41 
applied to T((2, y), (n, 3)) tells us these are just T((2,y), (3, n)). This is analyzed 
in Section HX51 

4.1.2. The Jones polynomial for two tier T-links with m = 3, p = 2. By duality we 
have T((3, y), (n, 2)) = T((2, n - 3), (y + 2, 3)). Eq. E3 applied to the second form 
tells us these are just T((2, n. — 3), (3, y + 2)). This is analyzed in Section 13.1.51 

Example 4.1. k7 39 = T((3, 3), (11, 2)) is a hyperbolic Lorenz knot, @], [8]. 

4.1.3. 27ie Jones polynomial for two tier T-links with m = 3, p = 3. By duality 
we have T((3, y), (n, 3)) = T((3, n — 3), (y + 3, 3)). Eq. 13.51 tells us these are just 
T(3, n + y) when 3|n or 3|y. 

Restating (|2 .<3[) and (|2.7I) for the case that 3|n or 3|y, we have T((3,y), (n, 3)) = 
T(3, n + y) and 

^T((3,„),(n,3))(*) = t" +i '- 1 {l + ^ + 2< wl }, when 3|n and 3|y, 
= t n+y - x {l + t 2 - t n+y+1 }, when 3 J((n + y). 
To calculate the Jones polynomial when n, y ^ mod 3, note that ()3.3|) tells us 
that T((3, y), (n, 3)) = [3, l] ra_3 [l, 3] 3+y . The braid properties discussed in Section[3] 
allow us to write T((3, y), (n, 3)) = [3, l] [ " l3 [l, 3] a+ "" W3 . 

When [n] 3 = 1 = [y] 3 , we have T((3, y), (n, 3)) = [3, 1][1, ^[M^Ifls+^-Ns, an d 
this is o-fof [1, 3]«-fel3+ n -M3, so we may apply (|2~26)l with w = 2y + 2n to get 

Vt((3,,),K3)) = ^"-'{(l + ^+^Cl+t 2 )}. 

This class contains no torus links. 

When [n] 3 = 1 and [y] 3 = 2, we have T((3, y), (n, 3)) = of cr^ [1, %]v-\v]a+n-Wa , 
so we may apply f|2 .26[) with w = 2y + 2n to get 

^r((3,v),(«,3)) = ty+^ai + t^-ty+^i-t + t 2 )}. 

The same result applies when [n] 3 = 2 and [y] 3 = 1 by Eq. 13.71 This class contains 

no torus links. 

When [n]g = 2 = [y] 3 , we have T((3, y), (n, 3)) = <rf[l, 3]^ = fel3+"-N3+3 ; so we 
may apply (|2.26p with w = 2y + 2n to get 

VT((3,,),K3)) = ^ + - 1 {(l + t 2 )+^ + "(l + ^)}- 

This class contains no torus links. 

Hence, in all cases T((3, y), (n, 3)) has a representation as ala^l^Y with z = 
mod 3. The detailed description is given in the following proposition. 

Proposition 4.1. The family of two tier T-links T((3, y), (n, 3)) are partitioned 
into six families according to their representation by crfcr^l, 3] z with z = mod 3 
and z > 3 and a > 6 > 0: 

(i) a = 6 = are t/ie torws Zmfe T(3, z) = T((3, — x, 3)) whenever 
x = mod 3 and 3 < x < z — 6, 

(ii) a = 6 = 1 are the torus links T(3, z + 1) which is the same as 

(a) T((3, 1 + x), (z — x, 3)) whenever x = mod 3 and < x < z — 6, 

(b) T((3, x), (1 + z — x, 3)) whenever x = mod 3 and 3 < x < z — 3, 
(hi) a = 3 and 6 = 1 are ifte iorws /infcs T(3, z + 2) which is the same as 
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(a) T((3, 2 + x), (z — x, 3)) whenever x = mod 3 and < x < z — 6, 

(b) T((3, x), (2 + z — x, 3)) whenever x = mod 3 and 3 < x < z — 3, 

(iv) a = 6 = 2 are T((3, z - 2), (4, 3) = T((3, 1 + x), (1 + z - x, 3)) whenever 
x = mod 3 and < x < z — 3, which includes no torus links, 

(v) a = 5 and 6=1 are T"((3, z — 1), (4, 3), which includes no torus links and 
is the same as 

(a) T((3, 2 + x), (1 + z — x, 3)) whenever x = mod 3 and < x < z — 3, 

(b) T((3, 1 + x), (2 + z — x, 3)) whenever x = mod 3 and < x < z — 3, 

(vi) a = 2 o?i(i t = are T((3, z - 4), (5, 3) = T((3, x - 1), (2 + z - x, 3)) 
whenever x = mod 3 and 3 < x < z — 3, which includes no torus links. 

4.1.4. The Jones polynomial for two tier T-links with y = 1, p = 2. By duality 
we have T((m, 1), (n, 2)) = T((2, n — m), (3, to)). The second form is analyzed in 
Section |4~T31 

4.1.5. The Jones polynomial for two tier T-links with m = 2, n = 3. By Cor. 8 [4], 
when p — 2, the braid index is 2; otherwise the braid index is 3, as p > 2 = m. By 
duality we have T((2, y), (3, p)) = T((p, l),(y + p, 2)). The Jones polynomial for 
this family is described by Cor. 12.111 

By Props. 12.131 and 12.141 there is a representation cr^ +y o"2[l, 3] p_1 when p = 
1 mod 3, and a representation ct^^o^I, 3] p ~ 2 when p = 2 mod 3. Thus the only 
equal links are T((2, 2 + y), (3, /? — 1)) = T((2, y), (3, p)) whenever p = 2 mod 3. 

Example 4.2. The following are hyperbolic Lorenz knots, [4]: 

(i) k3! =T((2,4),(3,4))oajV 2 [l,3] 3 , 

(ii) k4 3 =T((2,2),(3,8))oajV 2 [l,3] 6 , 
(hi) k5 5 =T((2,2),(3,ll))o ( 7fo- 2 [l,3] 9 ) 

(iv) k5 n =T((2,6),(3,4))o -[ ( t 2 [1,3] 3 , 

(v) k6 5 =r((2,2),(3,14))o -5 - 2 [l,3] 12 , 

(vi) k6 19 = T((2, 6), (3, 5)) o ^^[1, 3] 3 , 

(vii) k7 5 = T((2, 4), (3, 16)) o <rf o- 2 [l, 3] 15 , 

(viii) k7 68 = T((2, 6), (3, 10)) O erjer a [l, 3] 9 , 
(ix) k7 90 =T((2,6),(3,8)) ^^^[l^] 6 . 

Note that k7 39 = T((3, 3), (11, 2)) = T((2, 8), (5, 3)) = T((2, 8), (3, 5)) and 
T((2, 8), (3, 5)) O Strati, 3] 3 . Also af tr a [l, 3] 3a = T((3, 3a- 1), (4, 3)) by Prop.O 
case |v) 

4.2. The Jones polynomial for 3-tier T-links with braid index 3. The 3- 

tier T-links have the form T((ri,si), (r 2 ,s 2 ), (^3,53)), with dual form T((s3,r3 — 
^2), (s 3 + s 2 , r 2 - ri), (s 3 + s 2 + Si, n)), g]. 

First consider the case when r\ = S3. Using Cor. 8, [4., we have io = min{« : 
ft > r3_i} = 2, and jo = min{j : rj > r3_j} = 2. To obtain a braid index of 3 
we need 3 = minj^jfj}. This implies r\ — 2, with either r 2 = 3 or s 2 = 1. In 
the former case we have T((2, si), (3, s 2 ), (r 3 , 2)) with dual form T((2, r3 — 3), (2 + 
s 2 , 1), (2 + ,s 2 + si, 2)). In the latter case we have T((2, si), (r 2 , 1), (r3, 2)), with dual 
form T((2, r 3 - r 2 ), (3, r 2 - 2), (3 + Sl , 2)). 

As these four forms are readily seen to be interchangeable, we study the form 
T((2, si), (3, s 2 ), (r 3 , 2)) = [1, 2]^ [1, 3\^1}^- S [1, 3] 2 , by Prop. EU This is just 

(i) a{ 1+r ' 3 (J2 [1, 3]% i.e. T((2, s x + r 3 - 1), (3, s 2 + 1)) when s 2 = mod 3, 
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(ii) ofof _3 [1,3]«+ 2 , when s 2 = 1 mod 3, 

(a) this is the T-link T((2, s x - 1), (3, s 2 + 3)) when r 3 = 4, 

(b) this is the T-link T((2, r 3 - 4), (3, s 2 + 3)) when si = 1, 

(hi) ct^+V^IM^+i when s 2 = 2 mod 3. 

Hence T((2, si), (3, s 2 ), (7-3, 2)) always has a representation as of o~f[l; 3] z with z = 
mod 3. The Jones polynomial for case |n] when s\ > 1 and r 3 > 4 is described 
by (|2.27[) and its coefficient vector is described in Section l2.2.2| this also applies to 
case [m] The following result summarizes all the non-trivial forms that represent 
the same link. 

Proposition 4.2. The following is an exhaustive list of the 3-tier T-links with 
r\ = S3 and braid index 3 which have no 2-tier representation. These have a braid 
representation o~\o~\ [1, 3] z , or o~\a 2 [1, 3] z , where x,y > 2 and (x,y) ^ (2,2) and 
z = mod 3 t/rai/i z > 3. 

(i) T((2, x), (3, z - 2), (3 + y, 2)) or T((2, y), (3, « - 2), (3 + x, 2)) fromM 

(ii) dwa/ io prior item: T((2, y), (z, 1), (x + z, 2)) or T((2, x), (z, 1), (y + z, 2)), 
(hi) T((2, x - 1), (3, z - 1), (2 + y, 2)) or T((2, y - 1), (3, z - 1), (2 + x, 2)) from 

[ml 

(iv) aW: T((2,y-l),(z + l,l),(x + z,2)) or T((2, z - 1), (z + 1, 1), (y + z, 2)). 

Note that if we map T((2,r 3 -r 2 ), (3,r 2 -2), (3 + s x ,2)) to of o%[l, 3] z , we obtain 
T((2, y), (z, 1), (a; + z, 2)), which appears in the list above, as does the dual form. 
The form for mapping T((2,r 3 - r 2 ), (3,r 2 - 2), (3 + si,2)) to cr^crf [1, 3] z , and its 
dual, also appear in the list above. 

Example 4.3. k7 99 = T((2, 2), (3, 2), (5, 2)) is a hyperbolic Lorenz knot, @]. By 
case lull preceding Prop. l4~2l it is generated by af cr|[l, 3] 3 . 

Now consider the case when n > S3, hence fx > 3 and iq = 1 or 2. Prop. 13.41 
says that in case io = 1 and ri > ¥2 we have jo = 3. In order for the braid index 
to be three, we must have 3 = r±, as r3 > 4. Thus S3 = 2 and ¥2 = S3 + s 2 > 3 
which contradicts the assumption r\ > rj . If io = 2, we must have jo = 2 as jo = 1 
implies rf = S3 > r 2 . In order for the braid index to be three, we must have rj = 3 
and fT = S3 =2. This contradicts the assumption io = 2, as 3 < r± = ¥2- 

The prior paragraph shows that the only viable case is io = 1 and n = ¥2, 
so that jo = 2. In order for the braid index to be three, we must have S3 = 2, 
s 2 = 1 and n = 3. This gives rise to the T-link T((3, si), (r 2 , 1), (ra, 2)), with 
dual form T((2, r 3 — r 2 ), (3, r 2 — 3), (3 + Si, 3)). Prop. 13.11 shows the latter may 
be represented by the braid word [1, 2] r3 ~ r2 [1, 3] r2 - 3 [3, [1, 3] 3 . We have the 
following representations: 

(i) [l,2] r3 - r2 [l,3] Sl+I \ i.e. T((2,r 3 -r 2 ),(3,si +r 2 )) when si = mod 3, 

(ii) [l,2] r3 - r2 + 2 [l,3] Sl+r2 - 1 , i.e. T((2,r 3 -r 2 + 2),(3,s 1 + r 2 -l)) when si = 
2 mod 3, 

(hi) when s\ = 1 mod 3, 

(a) o-[ 3 - r2+ V 2 [l,3] sl +^- 1 , i.e. T((2,r 3 - r 2 ),(3, Sl + r 2 )) when r 2 = 
mod 3, 

(b) a[ 3 - r2+2 o-2[l,3] ;il +'- 2 - 2 when r 2 = 1 mod 3, 

(c) o-[ 3 - r2+5 o- 2 [l,3] s i+^- 3 , i.e. T((2,r 3 -r 2 +4),(3,s 1 +r 2 -2)) when 
r 2 = 2 mod 3. 
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To sec the result when si = 2 mod 3, first note that [1, 2] r3 ~ r2 [1, 3] Sl+r2 ~ 2 [3, l] 2 
is a braid representative. For the case si = 1 mod 3 and r 2 = 2 mod 3, note 
that [1, 2] r3 ~ r2 (o'i(T2) 2 ((T20'i)[l, 3] Sl+r2 ~ 3 is a representative, which is equivalent to 

[1, 2] r3 ~ r2+2 criCr2Cr 2 [l, 3] Sl+r2 ~ 3 . 

The case when n < S3 gives rise to a dual form with 7T < S3, in which case 
the prior analysis applies to the dual form. Thus the 3-tier T-links of the form 
T((n, si), (r 2 , s 2 ), (r3, S3)) with braid index three always have a representation as 

afo- 2 [l,3] z with z = mod 3. The Jones polynomial for case liiibl is described by 
(12.261) and its coefficient vector is described in Section \2.2.2\ The following result 
summarizes all the true 3-tier forms, item liiibl that represent the same link. 

Proposition 4.3. The following is an exhaustive list of the 3-tier T-links with 
7'i 7^ S3 and braid index 3 which have no 2-tier representation. These have a 
braid representation erf erf [1, 3] z , or afa 2 [l, 3} z , where x,y > 2 and z = modi 
with z > 3. In fact, min(a;, y) = 2, and 3 < max(x, y) — M. For any choice of 
7'2 = 1 mod 3 with 4 < r 2 < z + 1 we have: 

(i) T((2, M - 2), (3, r 2 - 3), (z + 5 - r 2 , 3)), or 

(ii) dual to prior item: T((3, z + 2 - r 2 ), (r 2) 1), (M + r 2 - 2, 2)). 
A/oie that these are a subset of the links described by Prop. \4-%\ 

4.3. The Jones polynomial for 4-tier T-links with braid index three. 
Cor. 13.51 shows that T((2, si), (3, S2), (7*3, 1), (r 4 , 2)) is the general form for 4-tier 
T-links with braid index 3. Proposition 13.11 tells us this has a representation as 
[l,2]^[l,3] S2 [l,r 3 ][2,l]^-^[l,r 3 ] 2 = [1, 2} s ^ [1, 3} S2 a r 2 ^ rs [l,r 3 ] 3 . Invoke Prop. O 
again to obtain [1, 2} Sl [1, 3} S2 <r^ r3 [3, l] r3 ~ 3 [l, 3] 3 , and this may be rewritten as 

CTl 1 [l,3][ S2 ] 3 CT2 4 "'' 3 [3, 1]M3[ 1; 3]S2-M3+r 3 -M3. 

We have the following representations when S2 = mod 3: 

(i) erf cr^ 3 ! 1 , 3 ]' 52 ^ 3 , when r 3 = mod 3, 

(a) this is T((2, r 4 - r 3 - 1), (3, s 2 + r 3 + 1)) when si = 1, 

(b) this is T((2, si - 1), (3, s 2 + r 3 + 1)) when r 4 - r 3 = 1, 

(ii) ^ 1+1 cr^" r3+1 [l,3] ;52 + r3 - 1 , when r 3 = 1 mod 3, 

(hi) al 1+ri - r3+3 a 2 [l, 3] S2+r3 - 2 , i.e. T((2, 8l + r 4 - r 3 + 2), (3, s 2 + r 3 - 1)) when 
r 3 = 2 mod 3. 

To see the result when r 3 = 2 mod 3, note that erf cr 2 ' 4 ~ r3 [3, 1] 2 [1, 3] S2+r3 ~ 2 is just 
-r(^i^^ 4 - r3 ) -io- 1 [l,3] S2 +'' 3 - 2 . 

We have the following representations when s 2 = 1 mod 3: 

(i) erf +1 o- 2 ' 4_r3+1 [l,3] S2 - 1+r3 , when r 3 = mod 3, 

(ii) crj 1+2 cr^ 4 " r3+2 [l,3] ;52 - 1+r3 - 1 , when r 3 = 1 mod 3, 

(hi) erf + '' 4 -' r3+5 a 2 [l, 3} S2 - 1+r3 - 2 , i.e. T((2, Sl + r 4 ~ r 3 + 4), (3, s 2 + r 3 - 2)) 
when r 3 = 2 mod 3. 

We have the following representations when S2 = 2 mod 3: 

(i) CTl Sl+, ' 4 - r3+3 a 2 [l,3] S2 - 2+r3 , T((2,si+r 4 -r3 + 2),(3,S2 + r 3 -l)) when 
r 3 = mod 3, 

(ii) al 1+r *- r3+5 a 2 [l, 3 ] S2 - 2+r3 -\ i.e. T((2, fll + r 4 - r 3 + 4), (3, s 2 + r 3 - 2)) 
when r 3 = 1 mod 3, 

(hi) erf +^ 3 + 2 [l, 3 ]3+ S2 -2+r 3 -2 ) ; e T((2; flj + ^ _ ^ + 2)) ^ ^ + ^ _ 1)} 

when r3 = 2 mod 3. 
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The Jones polynomial for cases which are not identified as two-tier T-links are 
described by ()2.26|) and the coefficient vector is described in Section 12.2.21 The 
prior calculations are summarized next. Recall that si = — rk-i- 

Proposition 4.4. A J^-tier T-link with braid index 3 has a 2-tier or 3-tier form. 

Suppose Li = T((2, s M ), (3, s 2 ,i), (rs,i, 1), (r 4 ,j, 2)) for i = 1,2 and {si,i, Wj} = 
{si,2, sT^} and {[s2,i]s, [rs,ih} = {[ s 2,2]3, Irakis} and s 2 ,i + r 3j i = s 2 ,2 + r3,2- 

It follows that L\ = L-i- 

4.4. Classification result for three-braid T-links. The results in the prior 
sections may be combined to give us the following result, which extends the classi- 
fication result for knots in £3 by R. Bedient, pQ. 

Theorem 4.5. Suppose f3(x,y,z) = afa^l, 3] z with z = mod 3, and z > 3 and 
x>y>0. 

If L is a T-link of braid index three, then it has a unique representation as some 
/3(x, y, z) and L has a T-link representation with three or fewer tiers: 

(i) when x = y = 0, we have L — T(3, z), 

(ii) when x > y = 0, we have L — T((2, x), (3, z)), with no torus links present, 

(iii) when x = y = 1, we have L = T(3, z + 1). 

(iv) when x — 3 and y = 1, we have L = T(3, z + 2), 

(v) when x > y = 1, we have L — T((2, x — 1), (3, z + 1)), with no torus links 
present for i^3, 

(vi) when x = y = 2, we have L = T((3,z — 2), (4,3)), which is not a torus 
link, 

(vii) when x,y > 2, we have L = T((2, x— 1), (3, z— 1), (2 + y, 2)), wii/i no torus 
Zmfcs present. The only 2-tier T-link present is when x = y = 2. 

TTie closure of any such braid word, (3(x,y, z), is a T-link of braid index three. 

Note that we cannot allow z = 0, since such a braid word represents the con- 
nected sum of two elementary torus links, T x $T y , while Cor. 1, [J], indicates that 
T-links are prime, and of course in this setting x 7^ 1 and y ^ 1 . 

It remains open to find what characteristics of a general T-link lead to a Jones 
polynomial with coefficients which are both "sparse" and "low" in value. "Sparse" 
would refer to relatively few non-zero values within each block, as [7] shows that 
the blocks separate as the number of full twists increases. It would be interesting 
to know when the blocks in the coefficient vector are disjoint, what is their length, 
when are the inter-block coefficients non-zero when full twists on an even number of 
strands are added, and what is their value, even if the full Jones polynomial could 
not be calculated. 

The family of Lorenz links of braid index three has the interesting property that 
the Jones polynomial distinguishes distinct links within this family. This is not the 
general behavior across Lorenz links as there are distinct Lorenz knots that have 
the same Jones polynomial (see [4]). It was shown in Prop. 2.25, [10 , that the 
Jones polynomial distinguishes distinct connected sums of elementary torus links. 

Remark 4.1. It would be interesting to know whether the Jones polynomial distin- 
guishes distinct links within the family {[1, n] z Yi7=i a T '■ z = mod n, and z, xi > 
for all i}, as this is true for z = 0, or n — 2, 3. 

Remark 4.2. Cor. 13.51 shows that T-links with braid index b must have 26—2 or 
fewer tiers. However for both 6 = 2,3 the T-link with the maximum number of tiers, 
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T((2, si), (3, s 2 ), . . . , (b, Sb-%), {n, 1), • • ■ , (r 2 b~3, 1), (726-2, 2)), has a representation 
with fewer tiers. It would be interesting to establish whether this is always true. 
A related question is whether there is always some link that has a representation 
with 26—3 tiers but no fewer tiers suffice as this is true for b < 3. 
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